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ON THE SINGULARITY OF THE DEMJANENKO
MATRIX OF QUOTIENTS OF FERMAT CURVES
FRANCESC FITE´ AND IGOR E. SHPARLINSKI
Abstract. Given a prime ℓ ≥ 3 and a positive integer k ≤ ℓ− 2,
one can define a matrix Dk,ℓ, the so-called Demjanenko matrix,
whose rank is equal to the dimension of the Hodge group of the
Jacobian Jac(Ck,ℓ) of a certain quotient of the Fermat curve of ex-
ponent ℓ. For a fixed ℓ, the existence of k for which Dk,ℓ is singular
(equivalently, for which the rank of the Hodge group of Jac(Ck,ℓ)
is not maximal) has been extensively studied in the literature. We
provide an asymptotic formula for the number of such k when ℓ
tends to infinity.
1. Introduction
For a prime ℓ ≥ 3 and a positive integer k ≤ ℓ− 2, define the set
Mk,ℓ := {j ∈ (Z/ℓZ)∗ | 〈kj〉ℓ + 〈j〉ℓ < ℓ} ,
where, for j ∈ (Z/ℓZ)∗, we denote by 〈j〉ℓ the unique integer represen-
tative of j modulo ℓ in the range 1, . . . , ℓ−1. This is a set of cardinality
(ℓ− 1)/2. Koblitz and Rohrlich [KR78] show that the subgroup
Wk,ℓ := {w ∈ (Z/ℓZ)∗ |wMk,ℓ = Mk,ℓ}
of elements stabilizingMk,ℓ has cardinality 3 or 1 depending on whether
the parameter k is a primitive cubic root of unity modulo ℓ or not. The
Demjanenko matrix is then defined as
Dk,ℓ :=
(
Ek,ℓ(−c−1a)− 1
2
)
c,a∈Mk,ℓ/Wk,ℓ
where
Ek,ℓ(a) :=
{
0 if a ∈ Mk,ℓ,
1 if a 6∈ Mk,ℓ.
Consider now the curve
Ck,ℓ : V ℓ = U(U + 1)ℓ−k−1 .
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This is a curve of genus (ℓ−1)/2 that may be obtained as a quotient of
the Fermat curve Fℓ : Y ℓ = Xℓ + 1 by a certain subgroup of automor-
phisms of Fℓ; we refer to [FGL14] for details. The fact that the rank of
Dk,ℓ coincides with the dimension of the Hodge group of the Jacobian
of Ck,ℓ has been exploited in [FGL14] to determine the distribution of
Frobenius traces attached to Ck,ℓ when Dk,ℓ is non-singular.
Let Kℓ denote the set of positive integers k ≤ ℓ − 2 for which Dk,ℓ
is singular. It is easy to see that for every ℓ ≡ 2 (mod 3), the set Kℓ
is empty (see Lemma 6). Lenstra has shown (see [Gre80, p. 354]) that
Kℓ is non-empty for every sufficiently large ℓ ≡ 7 (mod 12). In this
note, we give an asymptotic formula for the cardinality of Kℓ, which,
in particular, shows that Kℓ is non-empty for an overwhelming majority
primes ℓ ≡ 1 (mod 3).
Theorem 1. Let ℓ−1 = 2α3βm for some integers α > 0, β ≥ 0 and m
with gcd(m, 6) = 1. Then∣∣∣∣#Kℓ − 122α+2
(
1− 1
32β
)
ℓ
∣∣∣∣ ≤ 4β2√ℓ + 3316 .
The key result to prove Theorem 1 is the characterisation of the non-
singularity of Dk,ℓ in terms of certain conditions on the multiplicative
orders of k and k2 + k modulo ℓ obtained in [FGL14] (see Lemma 6
below).
Corollary 2. Let ℓ − 1 = 2α3βm for some integers α, β > 0 and m
with gcd(m, 6) = 1. If ℓ > 441 · 24αβ4 then #Kℓ > 0.
The previous result can be verified by direct calculations for ℓ ≤ 7,
and for ℓ > 11 it follows from the inequalities
1
22α+2
(
1− 1
32β
)
ℓ ≥ 1
22α−19
ℓ
and
4β2
√
ℓ +
33
16
<
(
4 +
33
16
√
11
)
β2
√
ℓ ≤
(
4 +
2
3
)
β2
√
ℓ.
We can now obtain an explicit form of the observation of Lenstra.
Corollary 3. For every prime ℓ ≡ 7 (mod 12) distinct from 7 and 19
we have #Kℓ > 0.
This can be deduced from Corollary 2 in the following way. First
note that α = 1. Observe that for
m ≥ mβ := ⌈441 · 23 · 3−ββ4⌉ ,
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we have that
(1) ℓ = 2 · 3βm
satisfies the hypothesis of Corollary 2 and thus #Kℓ > 0. Since for
β ≥ 18, one has mβ = 1, we can limit our search for primes ℓ ≡ 7
(mod 12) with #Kℓ = 0 among the finite set of primes ℓ of the form (1)
with
β ∈ {1, . . . , 17} and m ≤ mβ − 1 with gcd(m, 6) = 1.
A computer search establishes that the only primes of this form are
7, 19, 163, 487, 1459, 39367, 86093443, 258280327 .
Among the above primes, we have #Kℓ = 0 only for ℓ = 7, 19.
As we have mentioned, Lemma 6 below immediately implies that if
ℓ 6≡ 1 (mod 3) then Kℓ = ∅. This is consistent with the vanishing of
the main term of Theorem 1 for β = 0. We also use Corollary 2 to
derive a bound on the density of primes ℓ ≡ 1 (mod 3) with Kℓ = ∅.
Theorem 4. For x ≥ 2 there are at most O(x3/4(log x)3) primes ℓ ≡ 1
(mod 3) with ℓ ≤ x and #Kℓ = 0.
We can not answer the question of whether there exist infinitely many
primes ℓ ≡ 1 (mod 3) with #Kℓ = 0. However, we provide a reason
to believe so. Indeed, standard heuristic arguments suggest that for
any β ≥ 1 and m ≥ 1 with gcd(m, 6) = 1 there are infinitely many
primes of the form ℓ = 2α3βm+ 1, with α > 0, and we now show that
#Kℓ = 0 for most of such primes. To this aim, for fixed integers β ≥ 0
and m ≥ 1 with with gcd(m, 6) = 1, we define Lβ,m to be the set of
primes of the form ℓ = 2α3βm+1, for some α > 0, such that #Kℓ > 0.
Then we have the following finiteness result.
Theorem 5. For any fixed β ≥ 0 and m ≥ 1 such that (m, 6) = 1, the
set Lβ,m is finite. More precisely, if β = 0, then #Lβ,m = 0, and we
have
#Lβ,m = O
(
32βm2/β
)
for β ≥ 1.
2. Preparations
Let ordℓ k denote the multiplicative order of k modulo ℓ. Also for a
prime p and an integer m we denote by νp(m) the p-adic order of m,
that is, the largest integer ν with pν | m. Our main tool is the following
characterisation of the elements of Kℓ given in [FGL14].
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Lemma 6. For a prime ℓ ≥ 3 and a positive integer k ≤ ℓ − 2, we
have k ∈ Kℓ if and only if the three following conditions hold:
(i) ordℓ k 6= 3;
(ii) ν2(ordℓ k) = ν2(ordℓ (−k2 − k)) = 0;
(iii) ν3(ordℓ k) > ν3(ordℓ (k
2 + k)).
Now, let Xℓ denote the group of multiplicative characters modulo ℓ.
Furthermore, let Xℓ,d denote the set of characters of order dividing d,
that is, the set of characters χ ∈ Xℓ such that χd = χ0, where χ0 is the
principal character, see [IK04] for a background on characters. We also
use X ∗ℓ,d to denote the set of non-principal characters of Xℓ,d. Given
χ ∈ χℓ, we extend it to Fℓ in the following way: if χ = χ0 is principal,
then set χ0(0) := 1. Otherwise, set χ(0) := 0.
Since Xℓ is dual to the multiplicative group F∗ℓ of the finite field of ℓ
elements, for any divisor t | ℓ− 1 and u ∈ F∗ℓ , for d = (ℓ− 1)/t we have
(2)
1
d
∑
χ∈Xℓ,d
χ(u) =
{
1, if ut = 1,
0, otherwise.
Finally, we recall the following special case of the Weil bound of
character sums (see [IK04, Theorem 11.23]).
Lemma 7. For any polynomial Q(X) ∈ Fℓ[X ] with N distinct zeros
in the algebraic closure Fℓ of Fℓ and which is not a perfect sth power
in Fℓ[X ] for an integer s ≥ 2, and a nonprincipal character χ ∈ X ∗ℓ of
order s, we have ∣∣∣∣∣
∑
k∈Fℓ
χ (Q(k))
∣∣∣∣∣ ≤ (N − 1)ℓ1/2.
3. Proof of Theorem 1
Since condition (i) of Lemma 6 fails to hold for at most two integers
k ∈ [1, ℓ− 2] we have
(3) |#Kℓ −#K∗ℓ | ≤ 2
where K∗ℓ is the set of integers k ∈ [1, ℓ − 2] satisfying the conditions
(ii) and (iii) of Lemma 6.
Let ζ(u) be the characteristic function of the condition ν2(ordℓ u) =
0. This is equivalent to
ordℓ u | 3βm = (ℓ− 1)/2α.
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So, we see from (2) that
(4) ζ(u) =
1
2α
∑
χ∈Xℓ,2α
χ(u) =
1
2α
+
1
2α
∑
χ∈X ∗
ℓ,2α
χ(u).
Furthermore, for a non-negative integer h, let ηh(u) be the charac-
teristic function of the condition ν3(ordℓ u) = h. This is equivalent
to
ordℓ u | 2α3hm = ℓ− 1
3β−h
and ordℓ u ∤ 2
α3h−1m =
ℓ− 1
3β−h+1
.
So, we see from (2) that
ηh(u) =
1
3β−h
∑
χ∈X
ℓ,3β−h
χ(u)− 1
3β−h+1
∑
χ∈X
ℓ,3β−h+1
χ(u)
=
2 + ϑh
3β−h+1
+
1
3β−h
∑
χ∈X ∗
ℓ,3β−h
χ(u)− 1
3β−h+1
∑
χ∈X ∗
ℓ,3β−h+1
χ(u),
(5)
where for in the case of h = 0 we define X ∗
ℓ,3β+1
= ∅ and we also set
ϑ0 = 1 and ϑh = 0 for h ≥ 1.
Then we have
(6) #K∗ℓ =
ℓ−2∑
k=1
Bk,ℓ =
∑
k∈Fℓ
Bk,ℓ − B0,ℓ − B−1,ℓ ,
where
Bk,ℓ := ζ(k)ζ(−k2 − k)
β∑
r=1
r−1∑
s=0
ηr(k)ηs(k
2 + k).
Examining the expressions (4) and (5) we conclude that each product
ζ(k)ζ(−k2 − k)ηr(k)ηs(k2 + k), after expanding, contains the constant
term
1
22α
· 2 + ϑr
3β−r−1
· 2 + ϑs
3β−s−1
=
1
22α
· 2
3β−r−1
· 2 + ϑs
3β−s−1
,
(provided that r ≥ 1 in our settings) which does not depend on k, and
also several terms with products of the form
χ1(k)χ2(−k2 − k)χ3(k)χ4(k2 + k)
with some characters χ1, χ2 ∈ Xℓ,2α, χ3, χ4 ∈ Xℓ,3β−h ∪ Xℓ,3β−h+1 such
that at least one of them is nonprincipal. Since multiplicative charac-
ters form a cyclic group (see [IK04]), we see that for some character χ
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of order ℓ − 1 and integers f , g, h with 0 ≤ f, g < ℓ − 1, f + g > 0,
h = 0, 1 we have
χ1(k)χ2(−k2 − k)χ3(k)χ4(k2 + k) = χ
(
kf (k2 + k)g(−1)h) .
Consider the polynomial
P (X, Y , Z, T , U, V ) := P1(X)P2(Y )
β∑
r=1
r−1∑
s=0
P3,r(Z, T )P4,r,s(U, V ) ,
where
P1(X) =:
1
2α
+
1
2α
2α−1∑
i=1
Xi , P2(Y ) :=
1
2α
+
1
2α
2α−1∑
i=1
Yi ,
P3,r(Z, T ) :=
2
3β−r+1
+
1
3β−r
3β−r−1∑
i=1
Zi,r − 1
3β−r+1
3β−r+1−1∑
i=1
Ti,r ,
P4,r,s(U, V ) :=
2 + ϑs
3β−s+1
+
1
3β−s
3β−s−1∑
i=1
Ui,r,s − 1
3β−s+1
3β−s+1−1∑
i=1
Vi,r,s ,
and where X, Y , Z, T , U, V are vector indeterminates given by
• X := (Xi) and Y := (Yi) for 1 ≤ i ≤ 2α − 1;
• Z := (Zi,r) and T := (Ti,r) for 1 ≤ i ≤ 3β−r − 1 and 1 ≤ r ≤ β;
• U := (Ui,r,s) and V := (Vi,r,s) for 1 ≤ i ≤ 3β−s−1, 0 ≤ s ≤ r−1,
and 1 ≤ r ≤ β.
Let a0, a1, . . . , aN be the set of coefficients of the polynomial P with a0
denoting the constant term. One observes that
(7)
∑
k∈Fℓ
Bk,ℓ = ℓa0 +
N∑
i=1
ai
∑
k∈Fℓ
χi
(
kfi(k2 + k)gi(−1)hi) ,
where for every i = 1, . . . , ℓ−1 we have that 0 ≤ fi, gi < ℓ−1, fi+gi > 0
are integers, hi = 0, 1, and χi are characters of order ℓ− 1. Note that,
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on the one hand, we have
a0 =
1
22α
(
β∑
r=1
2
32β−r+2
+
β∑
r=1
r−1∑
s=0
4
32β−r−s+2
)
=
1
22α
(
β∑
r=1
2
32β−r+2
+
β∑
r=1
4
32β−r+2
· 3
r − 1
2
)
=
1
22α
(
β∑
r=1
2
32β−r+2
+
β∑
r=1
(
2
32β−2r+2
− 2
32β−r+2
))
=
1
22α
· 2
32β+2
·
β∑
r=1
9r =
1
22α
· 2
32β+2
· 9
β+1 − 9
8
Hence
a0 =
1
22α+2
(
1− 1
32β
)
.(8)
On the other hand, it is clear that the sum of the absolute values of
the coefficients of P is equal to the sum over r and s of the products
of the sums of the absolute values of the coefficients of the polynomials
P1, P2, P3,r, and P4,r,s. Note that the sum of the absolute values of the
coefficients of P1 or P2 is 1, whereas the sum of the absolute values of
the coefficients of P3,r or P4,r,s is bounded by 2. This yields the bound
(9)
N∑
i=1
|ai| ≤
N∑
i=0
|ai| ≤ 1 · 1 · β2 · 2 · 2 = 4β2 .
Putting (7), (8), and (9) toghether, it follows from Lemma 7 that
(10)
∣∣∣∣∣
∑
k∈Fℓ
Bk,ℓ − ℓ
22α+2
(
1− 1
32β
)∣∣∣∣∣ ≤ 4β2
√
ℓ .
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It is immediate that B0,ℓ = a0. Observe that
B−1,ℓ =

 1
2α
+
1
2α
∑
χ∈χ∗
ℓ,2α
χ(−1)

 1
2α
·
β∑
r=1
r−1∑
s=0
2 + ϑs
32β−s−r+2
·

2 + ϑr + 3 ∑
χ∈χ∗
ℓ,3β−r
χ(−1)−
∑
χ∈χ∗
ℓ,3β−r+1
χ(−1)


= (2α − 2)a0 .
For the last equality we have used that χ(−1) = 1 if the order of χ is
a power of 3, and the equality∑
χ∈χ∗
ℓ,2α
χ(−1) = 2α − 3 .
Combining (6) and (10), we obtain∣∣∣∣#K∗ℓ − ℓ− 2α + 122α+2
(
1− 1
32β
)∣∣∣∣ ≤ 4β2√ℓ .
Recalling (3) we obtain∣∣∣∣#Kℓ − ℓ22α+2
(
1− 1
32β
)∣∣∣∣ ≤ 4β2√ℓ+ 2 + 2α − 122α+2
(
1− 1
32β
)
.
Since
2 +
2α − 1
22α+2
(
1− 1
32β
)
≤ 33
16
for α = 1, 2, . . ., the result now follows.
4. Proof of Theorem 4
We see from Corollary 2 that if #Kℓ = 0 then ℓ < 441·24α(log x)4. So
for m in the representation ℓ−1 = 2α3βm we have m = O(ℓ3/4 log x) =
O(x3/4 log x). Clearly for every m = O(x3/4 log x) there are O((log x)2)
pairs on nonnegative integers (α, β) with 2α3βm+1 ≤ x. This concludes
the proof.
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5. Proof of Theorem 5
Let us assume that β ≥ 1 (otherwise the statement is immediate).
Suppose that there exists k ∈ Kℓ. Then Lemma 6 implies that
ordℓ k = 3
ad , ordℓ (−k2 − k) = 3be ,
where 1 ≤ a ≤ β, 0 ≤ b ≤ a−1, and d, e are divisors of m. Note that d
must be nontrivial if a = 1 and emust be nontrivial if b = 0. Let Φm(X)
denote themth cyclotomic polynomial. Then k is simultaneously a root
of
pa,d(X) := Φ3ad(X) and qb,e(X) := Φ3bd(−X2 −X)
modulo ℓ. This means that ℓ divides the resultant
Ra,b,d,e := Res(pa,d, qb,e),
Note that pa,d(X) and qb,e(X) have no roots in common. Indeed,
let ζ be a root of pa,d(X) (and so a root of unity of order 3
ad) that
is also a root of qb,e(X). Then ζ must satisfy that −ζ2 − ζ = η or,
equivalently,
ζ + 1 = −η
ζ
,
where η is root of unity of order 3be. Note that if a root of unity plus 1
is again a root of unity, then this root of unity is a primitive cubic root
of unity. This is a contradiction with the fact that we can not have
a = 1 and d = 1 simultaneously. Hence Ra,b,d,e 6= 0.
Furthermore, since all roots ζ of pa,d(X) have absolute value 1, we
have
|Ra,b,d,e| =
∏
ζ: pa,d(ζ)=0
|qb,e(ζ)| = exp
(
O(3a+bϕ(d)ϕ(e))
)
,
where the product runs over the ζ ∈ C such that pa,d(ζ) = 0. Note that
if ω(t) is the number of distinct prime divisors of an integer t ≥ 2, then
one has the inequality ω(t)! ≤ t. Using Stirling’s Formula, we derive
ω(t) = O(log t/ log(1 + log t)). Hence Ra,b,d,e has at most
ω(Ra,b,d,e) = O
(
3a+bϕ(d)ϕ(e)
a + b
)
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distinct prime divisors. Hence
#Lβ,m = O

 β∑
a=1
a−1∑
b=0
∑
d|m
∑
e|m
3a+bϕ(d)ϕ(e)
a + b


= O
(
β∑
a=1
a−1∑
b=0
3a+b
a
m2
)
= O
(
β∑
a=2
32a
a
m2
)
= O
(
32βm2/β
)
.
6. Comments
In addition to #L0,m = 0 of Theorem 5 we also note that L1,1 =
L2,1 = L3,1 = ∅. Indeed, for L1,1 the statement is immediate. We now
let La,b,d,e denote the set of primes dividing Ra,b,d,e. One computes
L2,1,1,1 = {3}, L3,2,1,1 = {3, 271}, L3,1,1,1 = {3, 271} .
It remains to note that K3 = 0 and that 271 is not of the form 2α33+1
for any α.
We now define ℓs as the smallest prime ℓ ≡ 1 (mod 3) with Kℓ = 0
and ω(ℓ− 1) ≥ s (if such prime exists), where, as before, ω(t) denotes
the number of distinct prime divisors of an integer t ≥ 2. From The-
orem 5 we expect that in fact ℓs exists for any s ≥ 2. In Table 1 we
present some computational results which characterise the growth ℓs.
s ℓs Factorization of ℓs − 1
3 31 2 · 3 · 5
4 3121 24 · 3 · 5 · 13
5 127681 26 · 3 · 5 · 7 · 19
6 25858561 29 · 3 · 5 · 7 · 13 · 37
Table 1. Values ℓs with 3 ≤ s ≤ 6
We have not found ℓ7, but our computation shows that if ℓ7 exists
then ℓ7 > 31 · 106. On the other hand, combining the bound of The-
orem 5 with the standard heuristic on the distribution on primes, one
can derive a heuristic upper bound on ℓs.
We remark that it is shown in [FGL14] that if k satisfies the con-
ditions of Lemma 6, that is, k ∈ Kℓ, then the rank rk (Dk,ℓ) of the
corresponding Demjanenko matrix satisfies
rk (Dk,ℓ) =
ℓ− 1
2
(
1− 2
M(k, ℓ)
)
,
where
M(k, ℓ) := lcm [ordℓ (−k2 − k), ordℓ (k)].
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The resultant argument of [FGL14] shows that
min
k∈Kℓ
M(k, ℓ)→∞
as ℓ→∞. This can easily be sharpened as
min
k∈Kℓ
M(k, ℓ) ≥ c
√
log ℓ
for an absolute constant c > 0. In fact the same argument shows that
for any real function ψ(z) with ψ(z)→ 0 as z →∞, all but o(x/ log x)
primes ℓ ≤ x we have
min
k∈Kℓ
M(k, ℓ) ≥ ψ(ℓ)ℓ1/3.
Finally, we remark that our approach allows to study the distribution
of the values of M(k, ℓ) for every ℓ.
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